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SCALING LIMITS OF (1 + 1)-DIMENSI0NAL PINNING MODELS 
WITH LAPLACIAN INTERACTION 

By Francesco Caravenna^ and Jean-Dominique Deuschel 

Universita degli Studi di Padova and TU Berlin 

We consider a random field (p: {1, . . . , N} ^M. with Laplacian in- 
teraction of the form ^ . V{Aifi), where A is the discrete Laplacian 
and the potential V{-) is symmetric and uniformly strictly convex. 
The pinning model is defined by giving the field a reward e > each 
time it touches the a;-axis, that plays the role of a defect line. It is 
known that this model exhibits a phase transition between a delocal- 
ized regime (e < Sc) and a localized one (e > Sc), where < £c < oo. 
In this paper we give a precise pathwise description of the transition, 
extracting the full scaling limits of the model. We show, in particular, 
that in the delocalized regime the field wanders away from the defect 
line at a typical distance N^^^, while in the localized regime the dis- 
tance is just 0((log A'^)^). A subtle scenario shows up in the critical 
regime (e — Sc), where the field, suitably rescaled, converges in dis- 
tribution toward the derivative of a symmetric stable Levy process 
of index 2/5. Our approach is based on Markov renewal theory. 

1. Introduction. 

1.1. The model. The main ingredient of our model is a function !/(•): R —> 
RU {-|-oo}, that we call the potential. Our assumptions on V{-) are the fol- 
lowing: 

• Symmetry: V{x) = V{—x), Vx E R. 

• Uniform strict convexity: there exists 7 > such that x 1— > V{x) — 7x^/2 
is convex. 

• Regularity: since V{-) is symmetric and convex, it is continuous and finite 
on some maximal interval {—a, a) (possibly a = -|-oo). We assume that 
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a > and we further require that V{x) — > +00 as x ^ iba, so that the 
function x ^ exp{—V{x)) is continuous on the whole real line. 

Notice that, if V{-) is of class on (—a, a), the uniform strict convexity 
assumption amounts to requiring that 

(1.1) 7:= inf V"{x)>0. 

x&(—a,a) 

It follows from the above assumptions that /jg exp(— y(x)) dx < 00. Since 
adding a global constant to V{-) is immaterial for our purposes, we im- 
pose the normalization /jgexp(— y(x)) dx = 1. In this way we can interpret 
exp(— y(x)) as a probability density, that has zero mean (by symmetry) and 
finite variance: 

(1.2) ct2:= / x2e-^(^)dx<oo. 

The most important example is, of course, the Gaussian case: V{x) = x^/2(T^ + 
log((T>/27r). 

Next we define the Hamiltonian, by setting 

6-1 

(1-3) ('/'):= E y^^^n) 

n=a+l 

for a,b £Z with 6 — a > 2 and for f : {a, . . . , 6} — > M, where A is the discrete 
Laplacian: 

(1.4) A(fri ■■= ifn+l - <fn) - {fn - <fn-l) = fn+1 + " 2(/?„. 

We can now define our model: given N €N := {1, 2, . . .} and e > 0, we 
introduce the probability measure Pe^at on M'^"^ defined by 

(1.5) P,,^(dy.i • • • d^N-i) = '^^P(-^[-i.^+il('^)) Y[{e6o{d^,) + d^,), 

where dipi is the Lebesgue measure on M, 6o{-) is the Dirac mass at zero and 
-Zj^AT is the normalization constant (partition function). To complete the def- 
inition, in order to make sense of W[„i jy+i] (v^) = 'H[-i^Nj^i]{ip-i,ipo,ipi, . . . , 
(/9Ar_i, (/97V, (/?Ar+i), we have to specify 

(1.6) the boundary conditions ip^i = ^0 = = ^N+i = 0. 

The choice of zero boundary conditions is made only for simplicity, but our 
approach and results go through for general choices (provided they are, say, 
bounded in N). 
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1.2. The phase transition. The law P^^at is what is called a pinning model 
and can be viewed as a (1 + l)-dimensional model for a linear chain of 
length N attracted to a defect line, namely, the x-axis. The parameter e > 
tunes the strength of the attraction and one wishes to understand its effect 
on the field, in the large N limit. 

The basic properties of this model (and of the closely related wetting 
model, in which the field is also constrained to stay nonnegative) were in- 
vestigated in a first paper [6], to which we refer for a detailed discussion 
and for a survey of the literature. In particular, it was shown that there is 
a critical threshold < Ec < oo that determines a phase transition between 
a delocalized regime {e < Ec), in which the reward is essentially ineffective, 
and a localized regime {e > Ec), in which on the other hand the reward has a 
macroscopic effect on the field. More precisely, defining the contact number 



where ci is a positive constant; 
• if e > then there exists D(e) > such that for every 5 > and N & N 



where C2 is a positive constant. 

Roughly speaking, for e <Ec we have In = o{N), while for e > Ec we have 
In ~ D(e) • A'^. For an explicit characterization of Ec and D(e) we refer to [6], 
where it is also proven that the phase transition is exactly of second order. 

The aim of this paper is to go far beyond (1.8) and (1.9) in the study of 
the path properties of Pe,Ar. Our results, that include the scaling limits of the 
model on C([0, 1]), provide strong path characterizations of (de)localization. 
We also show that the delocalized regime (e < Ec) and the critical one (e = Ec) 
exhibit great differences, that are somewhat hidden in relation (1.8). In fact, 
a closer look at the critical regime exposes a rich structure that we analyze 
in detail. 

Remark 1.1. We point out that the hypothesis on V{-) in the present 
paper are stronger than those of [6] [where essentially only the second mo- 
ment condition (1.2) was required]. This is a price to pay in order to obtain 
precise path results, like, for instance. Theorem 1.4 below, that would not 






(1.9) 
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hold in the general setting of [6]. Although for some other results our as- 
sumptions could have been weakened, we have decided not to do it, both to 
keep us in a unified setting, and because, with the uniform strict convex- 
ity assumption on V^(-), one can apply general powerful tools, notably the 
Brascamp-Lieb inequality [4, 5], that allow to give streamlined versions of 
otherwise rather technical proofs. 

Also notice that the analysis of this paper does not cover the wetting 
model, that was also considered in [6]. The reason for this exclusion is 
twofold: on the one hand, the basic estimates derived in [6] in the wet- 
ting case are not sufficiently precise as those obtained in the pinning case; 
on the other hand, for the scaling limits of the wetting model one should 
rely on suitable invariance principles for the integrated random walk pro- 
cess conditioned to stay nonnegative, but this issue seems not to have been 
investigated in the literature. 

1.3. Path results and the scaling limits. Let us look first at the free case 
e = 0, where the pinning reward is absent. It was shown in [6] that the law 
Po,Ar enjoys the following random walk interpretation (for more details see 
Section 2). Let ({i^}n6Z+:=Nu{o}) P) denote a real random walk starting at 
zero and with step law P(Yi S dx) = ex.p{—V{x))dx, and let {Zn}n£Z+ be 
the corresponding integrated random walk process: 

Zo:=0, Zn:=Yi + --- + Yn, n E N. 

The basic fact is that Po.at coincides with the law of the vector (Zi, . . . , Z^v-i) 
conditionally on {Zn, Zn+i) = (0, 0), that is, the free law Po,Ar is nothing but 
the bridge of an integrated random walk. By our assumptions on V{-) (see 
Section 1.1), the walk {Ynj-n has zero mean and finite variance c^, hence, 
for large k the variable Zf^ scales like k^^"^. It is therefore natural to consider 
the following rescaled and linearly-interpolated version of the field {(pn}n- 

^^^'^ '-=^2+ - m) — — , 

iVGN,tG [0,1], 

and to study the convergence in distribution of {^Nit)}te[o,i] as — > oo on 
C([0, 1]), the space of real valued, continuous functions on [0,1] (equipped 
as usual with the topology of uniform convergence). To this purpose, we 
let {Bt}te[o,i] denote a standard Brownian motion on the interval [0, 1], we 

define the integrated Brownian motion process {It}te[o,i] by It '■= /o-B^ds 
and we introduce the conditioned process 

(1.11) {{Bt, It)} tern ■■= {{Bt,It)}t&m conditionally on {Bi,h) = (0,0). 

Exploiting the random walk description of Po,Ar, it is not difficult to 
show that the process {i^Af (i)}te[o,i] under Po,Ar converges in distribution 
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as — > oo toward {It}te[o,i]- The emergence of a nontrivial scaling limit 
for {<^Ar(i)}t6[o,i] is a precise formulation of the statement that the typical 
height of the field under Po,Ar is of order N^^"^ . It is natural to wonder what 
happens of this picture when e > 0: the answer is given by our first result. 

Theorem 1.2 (Scaling limits). The resettled field {<^Ar(i)}t6[o,i] under 
IPe.Af converges in distribution on C([0, 1]) as N ^ oo, for every e > 0. The 
limit is as follows: 

• If e < Ec, the law of the process {It}te[o,i]> 

• If £ = Ec or £ > Ec, the law concentrated on the constant function f(t) = 0, 

te[o,i]. 

Thus, the pinning reward e is ineffective for e < Ec, at least for the large 
scale properties of the field that are identical to the free case e = 0. On the 
other hand, ii E>£c, the reward is able to change the macroscopic behavior 
of the field, whose height under Pe^at scales less than N^/"^ . We are now going 
to strengthen these considerations by looking at path properties on a finer 
scale. However, before proceeding, we stress that, from the point of view 
of the scaling limits, the critical regime £ = Ec is close to the localized one 
£> Ec rather than to the delocalized one e < e^ in contrast with (1.8) and 
(1.9). 

We start looking at the delocalized regime (e < Ec)- It is convenient to 
introduce the contact set r of the field that is, the random subset 

of Z+ defined by 

(1.12) r:={iGZ+:(^i = 0} CZ+, 

where we set by definition 939 '■= so that G r. We already know from (1.8) 
that for e < ffc we have #{r n [0, N]} = + 1 = o{N) under P^^at. The next 
theorem shows that in fact r n [0, A^] consists of a finite number of points 
(i.e., the variable In under Pe,Ar is tight) and all these points are at finite 
distance from the boundary. 

Theorem 1.3. For every £ <Ec the following relation holds: 

(1.13) lim limmiFs,N{Tn[L,N - L]=0) = l. 

L— >oo N—>oo ' 

We will see that the scaling limit of {^N{t)}t€[o,i] under P^^at, for e £ 
{0,£c), is a direct consequence of relation (1.13) and of the scaling limit for 
e = 0. The reason for this lies in the following crucial fact: conditionally on 
the contact set, the excursion of the field under P^^at between two consec- 
utive contact points, say, and r^+i, is distributed according to the free 
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law Po,Tfc+i-Tfe with suitable boundary conditions (see Section 2.3 for more 
details). 

Next we focus on the localized and critical regimes (e > Ec) and (e = £c)- 
The first question left open by Theorem 1.2 is, of course, if one can obtain a 
more precise estimate on the height of the field than just o{N^^'^). We have 
the following result. 

Theorem 1.4. For every £ > £c the following relation holds: 



(1.14) lim liminfPeAT max \(pk\ < K(logN)' 

while for £ = £c the following relation holds: 

( 1 iV'V2 ^3/2 X 

(1.15) lim liminfPe at — zn^^ < max \ipi,\<K- =1. 

^ ' K^oo N~>oo V^(logAf)3/2 -0<fc<7v'^'^' - log iV / 

The fact that {<^7v(i)}te[o,i] under P^^at has, for £ > £c, a trivial scal- 
ing limit, is of course an immediate consequence of the upper bounds on 
maxo<fc<Ar in (1-14) and (1.15). 

We believe that the optimal scaling of maxo<fc<Ar \ (pk\ for e = ec is given 
by the lower bound in (1.15) (to lighten the exposition, we do not investigate 
this problem deeper). 

Remark 1.5. Another interesting quantity is the maximal gap A^v, 
defined as 

(1.16) An := max{rfc — Tk-i :0< k < £n}- 

We already know from (1.13) that A^r ~ in the delocalized regime (e < £c)- 
It turns out that in the localized regime (e > £c) we have Ajv = 0(log A^), 
while in the critical regime (e = £c) A^v ~ N/logN, meaning by this that 

r 1 N N \ 
lim liminfPj^TV < An < K- = 1. 

K^oo N^oo \KlogN~ logNj 

For £ = £c we also have In ~ N/\ogN. For conciseness, we omit a detailed 
proof of these relations (though some partial results will be given in the 
proof of Theorem 1.4, see also Appendix A). Table 1 summarizes the results 
described so far. 



1.4. A refined critical scaling limit. Relation (1.15) shows that the field 
in the critical regime has very large fluctuations, almost of the order N^^"^ . 
This may suggest the possibility of lowering the scaling constants N^/"^ in the 
definition (1.10) of the rescaled field (pN{t), in order to make a nontrivial 
scaling limit emerge under P^^^at. However, some care is needed: in fact. 
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Table 1 

A schematic representation of the order of growth as N —> oo of the three quantities 
maxo<fc<jv Ivfcl, Ajv and under^^^M 





(e < Ec) 


(e = £c) 


(e > Sc) 


max \ipk\ 

0<k<N 

Ajv 


N 


(logJV)3/2 • logiV 
JV 
log JV 


0{{\ogNf) 
O(logiV) 


£n 


0(1) 


JV 
log JV 


N 



Atv/A^ ^ as ^ oo under ^ec,N and this means that, independently of the 
choice of the scaling constants, the zero level set of the rescaled field becomes 
dense in [0, 1] . This fact rules out the possibility of getting a nontrivial scaling 
limit in C([0, 1]), or even in the space of cadlag functions D([0, 1]). 

We are going to show that a nontrivial scaling limit can indeed be ex- 
tracted in a distributional sense, that is, integrating the field against test 
functions, and to this purpose, the right scaling constants turn out to be 
N^^'^ / (logN)^/"^ (see below for an heuristic explanation). Therefore, we in- 
troduce the new rescaled field {<^Ar(t)}tG[o,i] (this time with no need of linear 
interpolation) defined by 

(logiV)5/2 

(1-17) VN{t):= ^3^^ (^^jvtj- 

Viewing tpNit) as a density, we introduce the signed measure /^tv on [0,1] 
defined by 

(1.18) fi^{dt):=(pN{t)dt. 

We look at /ijv under the critical law P^^^ random element of A1([0, 1]), 

the space of all finite signed Borel measures on the interval [0, 1] , that we 
equip with the topology of vague convergence and with the corresponding 
Borel cr-field (i^„ — > v vaguely if and only if / f dvn f f dv for all bounded 
and continuous functions /:[0,1] ^ M). Our goal is to show that the se- 
quence {/^jv}a^ l^as a nontrivial limit in distribution on A^([0, 1]). 

To describe the limit, let {Lt}t>o denote the stable symmetric Levy pro- 
cess of index 2/5 (a standard version with cadlag paths). More explicitly, 
{Lt}t>o is a Levy process with zero drift, zero Brownian component and with 
Levy measure given by n(dx) = cl\x\~''^^ dx, where the positive constant cl 
is defined explicitly in equation (6.25). Since the index is less than 1, the 
paths of L are a.s. of bounded variation (cf. [2]), hence, we can define path 
by path the (random) finite signed measure dL in the Steltjes sense: 



dL{{a,h])-=Lb-La. 



8 



F. CARAVENNA AND J.-D. DEUSCHEL 



<PN{t) 



0(1i,kA-} 



(.1 




1 









1 



Fig. 1. A graphical representation of Theorem 1.6. For large N, the excursions of the 
resettled field under the critical law Pe^,jv contribute to the measure fi[^{dt) [see (1.18)], 
approximately like Dirac masses, with intensity given by their (signed) area. The width 
and height of the relevant excursions are of order (l/logN) and \ogN respectively. We 
warn the reader that the x- and y-axis in the picture have different units of length, and 
that the field can actually cross the x-axis without touching it (though this feature has not 
been evidenced in the picture for simplicity) . 

We stress that dL is a.s. a purely atomic measure, that is, a sum of Dirac 
masses (for more details and for an explicit construction of dL, see Re- 
mark 1.7 below). 

We are now ready to state our main result (see Figure 1 for a graphical 
description). 

Theorem 1.6. The random signed measure ^jlj^ under P^^^jv converges 
in distribution on A^([0, 1]) as N ^ oo toward the the random signed mea- 
sure dL. 

This result describes in a quantitative way the rich structure of the field for 
e = Ec- Let us try to give a heuristic description. Roughly speaking, for large 
N the profile of the unrescaled field {^Pi}o<i<N under Pe^,Ar is dominated by 
the large excursions over the contact set, that is, by those excursions whose 
width is of the same order ~ N/ log as the maximal gap A at (see Table 1). 
As already observed, each excursion is distributed according to the free law 
(with suitable boundary conditions), hence, by Theorem 1.2, the height of 
these excursions is of order ~ (N/logN)'^^'^. When the field is rescaled ac- 
cording to (1.17), the width of these excursions becomes of order « 1/logA^ 
and their height of order ~ log N, hence, for large they contribute to the 
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measure fi^ approximately like Dirac masses (see Figure 1). Therefore, the 
properties of these large excursions, for large A^, can be read from the struc- 
ture of the Dirac masses that build the limit measure dL; see (1-19) below. 

Remark 1.7. The measure dL can be constructed in the following ex- 
plicit way; compare [2]. Let S denote a Poisson point process on the space 
X := [0, 1] X M with intensity measure 7 := dx (8) CL|y|~''/^ dy (where dx and 
dy denote the Lebesgue measure on [0,1] and M). We recall that 5 is a 
random countable subset of X with the following properties: 

— for every Borel set yl C X, the random variable ^{S H A) has a Poisson 
distribution with parameter 7(A) [the symbol ^ denotes the cardinality 
of a set and in case ^{A) = +00 we mean that #(5 Ci A) = +00, a.s.]; 

— for any k €N and for every family of pairwise disjoint Borel sets Ai, . . . , 
^fc ^ X, the random variables ^{S Ci Ai) , . . . , ^{S Ci Ak) are independent. 

Since 7 is a cj-finite measure, the random set S is a.s. countable: enumerating 
its points in some (arbitrary) way, say, S = {{xi,yi)}i^^, we can write 

(1-19) dL(.) = E?/.-5,,(-), 

where 5x{-) denotes the Dirac mass at x G M. Notice that since /x(|y| /\ 
1) d7 < 00, the r.h.s. of (1.19) is indeed a finite measure, that is, J2im IVil < 
00 a.s.; compare [11]. 

1.5. Outline of the paper. The exposition is organized as follows: 

• In Section 2 we recall some basic properties of Pe,Ar that have been proven 
in [6]. In particular, we develop a renewal theory description of the model, 
which is the cornerstone of our approach. 

• In Section 3 we prove a part of Theorem 1.4, more precisely, equation 
(1.14) and the upper bound on maxo<fc<Ar Iv^fcl in (1.15), exploiting the 
Brascamp-Lieb inequality. These results also prove Theorem 1.2 for e > Ec- 

• Section 4 is devoted to the proof of Theorem 1.3 and of Theorem 1.2 for 
e < Ec- 

• In Section 5 we complete the proof of Theorem 1.4, obtaining the lower 
bound on maxo<fc<7v | Vfcl equation (1.15). 

• Section 6 is devoted to the proof of Theorem 1.6. 

• Finally, some technical points are treated in the Appendixes A and B. 

2. Some basic facts. This section is devoted to a detailed description of 
^e,N, taking inspiration from [6]. We show in Section 2.1 that, conditionally 
on the contact set r [cf. (1.12)], the pinning model ^e,N is linked to the 
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integral of a random walk. Then in Section 2.2 we focus on the law of the 
contact set itself, which admits a crucial description in terms of Markov 
renewal theory. We conclude by putting together these results in Section 2.3, 
where we show that the full measure Pe,N is the conditioning of an explicit 
infinite- volume law V^- 

2.1. Integrated random walk. One of the key features of the model ^e,N 
is its link with the integral of a random walk, described in Section 2 of [6], 
that we now recall. 

Given a, 6 € M, we define on some probability space P = p("''')) a 

sequence {Xjjjgps} of independent and identically distributed random vari- 
ables, with marginal laws Xi ~ exp{—V{x)) dx. By our assumptions on V{-), 
it follows that 

E(Xi) = 0, E(Xf) =£7^ E (0,oo). 

We denote by the associated random walk starting at a, that is, 

(2.1) Yo = a, Yn = a + Xi + --- + Xn, n G N, 

while {Zi}i^^+ denotes the integrated random walk starting at 6, that is, 
ZQ = b and for n S N 

Zn = b + Yi + ---+Yn 

(2.2) 

= b + na + nXi + (n - 1)^2 + • • • + 2X„_i + Xn- 

Notice that 

{(Yn,Zn)}n Under p('^'^)^{(y„ + a,Z„ + 6+na)}„ under P^^'O). 

(2.3) 

The marginal distributions of the process {Zn}n are easily computed [6], 
Lemma 4.2: 

p('^''')((Zi,...,Z„)G(dzi,...,dzJ) 

(2.4) 

^ {b-a,h,zu...,zn) . . . d^^^ 

where 'H[_i ,„](-) is exactly the Hamiltonian of our model, defined in (1.3). 

We are ready to make the link with our model ^e,N- In the free case 
e = 0, it is rather clear from (2.4) and (1.5) that Po,Af is nothing but the 
law of {Zi, . . . , Ztv-i) under P^^'^\-\Zn = 0, Ztv+i = 0), that is, the polymer 
measure Po,7v is just the bridge of the integral of a random walk; compare 
[6], Proposition 4.1. 

To deal with the case e > 0, we recall the definition of the contact set r, 
given in (1.12): 

r:={iGZ+:99 = 0}CZ+. 
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We also set for conciseness T[a^b] '■= t H [a,b]. Then, again comparing (2.4) 
with (1.5), we have the following basic relation: for e > 0, G N and for 
every subset AC {1, . . . , N — 1}, 

feM-\r[i,N-i]=A) 

(2.5) 

= P(°'°)((Zi, . . . , Zn^i) e-\Z, = 0,yi€A\j{N,N + 1}). 

In words, once we fix the contact set T[i jv_i] = A, the field (ipi, . . . ,ipN-i) 
under fe,N is distributed like the integrated random walk (Zi, . . . , Z^v-i) 
under p(''''^) conditioned on being zero at the epochs in A and also at N 
and + 1 [because of the boundary conditions, cf. (1-6)]. A crucial aspect 
of (2.5) is that the r.h.s. is independent of e. Therefore, all the dependence 
of £ of Pe,Ar is contained in the law of the contact set. 

Notice that in the l.h.s. of (2.5) we are really conditioning on an event 
of positive probability, while the conditioning in the r.h.s. of (2.5) is to be 
understood in the sense of conditional distributions [which can be defined 
unambiguously, because we have assumed that the density x i— > e~^^^^ is 
continuous] . 

We conclude this paragraph observing that the joint process {{Yn-, Zn)}n 
under p("'*) is a Markov process on R^. On the other hand, the process 
{Zn}n alone is not Markov, but it rather has finite memory m = 2, that is, 
for every n G N 

p('^'')({Z„+fc}fc>i G •|Z,,i<n) =p('^''')({Z„+fc}fe>i G ■\Zn^l,Zn) 

(2.6) 

= P(^"-^"-^'^")({Zfc}fc>ie-)- 

In fact, from (2.4) it is clear that 

(2.7) P^"''') =P(-|Z_i =6-a,Zo = 6). 

2.2. Markov renewal theory. It is convenient to identify the random set 
r with the increasing sequence of variables {Tk}k&+ defined by 

(2.8) To:=0, Tfc+i :=inf{i > Tfc = 0}. 

Observe that the contact number ^tvj introduced in (1.7), can be also ex- 
pressed as 

TV 

(2.9) In = max{ A; G Z+ : < A^} = ^ . 

k=l 

We also introduce the process {Jk}k&'L+ that gives the height of the field 
just before the contact points: 



(2.10) 



Jo:=0, Jfc:=99^,_i, fcGN. 
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Of course, under the law Pg^Ar, we look at the variables Tfc, Jk only for 
k < In. The crucial fact, proven in Section 3 of [6], is that the vector 
{^N,{Tk)k<£N,{Jk)k<£N} Under the law Pe,Ar admits an explicit description 
in terms of Markov renewal theory, that we now recall. 

Following [6], Section 3.2, for e > we denote by the law under which 
the joint process {(r^, Jk)}k&z+ is a Markov process on Z+U {oo} x MU {oo}, 
with starting point (tq, Jq) = (0,0) and with transition kernel given by 

(2.11) re{{Tk+i,Jk+i) G ({n},dy)|(rfc, Jfc) = (m,x)) := Kl,^y{n-m), 

where dyi''^) is defined for x, y G M and ?i G N by 

My) P(-"'°)(^n-iedy,Z„Gdz) 



(2.12) K^.,d,(n):=6e-^(^)" 



The function F(e) is the free energy of the model ^e,N, while Ve(-) is a suit- 
able positive function connected to an infinite dimensional Perron-Frobenius 
eigenvalue problem (we refer to Sections 3 and 4 of [6] for a detailed discus- 
sion). We stress that F(e) = if e < Sc, while F{e) > if e > Sc- 

The dependence of the r.h.s. of (2.11) on n — m implies that, under Vg, 
the process {Jk}k alone is itself a Markov chain on MU{oo}, with transition 
kernel 

(2.13) VeiJk+i G dy\Jk=x)=Dl^y := ^ K^,d,(^)- 

nGN 

On the other hand, the process {Tk}k is not a Markov chain, but rather 
a Markov renewal process (cf. [1]) in fact, its increments {Tk+i — Tk}k are 
independent conditionally on the modulating chain {Jk}kez+y as it is clear 
from (2.11). 

From (2.12) it follows that, as a measure in dy, the kernel K^jy(n) is 
absolutely continuous for n > 2, while ^^(1) is a multiple of the Dirac 
mass at zero 5o{dy). The properties of the kernel ^^(n) depend strongly 
on the value of e. First, the kernel is defective if e < Ec, while it is proper if 
e > since 

.^^Jym Jym Uc J 

so that the probability that = oo for some k is one if e < Ec, while it is 
zero if e > Ec- Moreover, as n — > oo for fixed x, y G M, we have 

(2.14) ^ :^!(^e-F(.).n(i ^ ^(1)) 
dy 

for a suitable function L^{x,y), compare [6], Sections 3.2 and 4.1. 
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To summarize, the kernel dj/l^) defective with heavy tails in the delo- 
calized regime {e < Sc) and it is proper with heavy tails in the critical regime 
{e = Ec) , while it is proper with exponential tails in the localized regime 
{e > Ec)- We also note that when e>£c the modulating chain {Jk}k£Z+ 
M is positive recurrent, that is, it admits an invariant probability law i/^: 
XrgM i'e(dx)L'^ = z^e(dy), with i/j({0}) > and no other atoms. 

We are now ready to link the law Ve to our model ^s,N- Introducing the 
event 

An := {{N, iV + 1} C r} = {r^ = N, r^+i = iV + 1 for some k £ N}, 

Proposition 3.1 of [6] states that the vector {iN, (■^fc)fc<£]vi {Jk)k<eN} ^^'^ 
same distribution under the law P^^at and under V^{-\An)- More precisely, 
for all A; G N, {ti}i<i<k G N'' and {yi}i<i<k G K'' we have 

^e,Ni^N = k,Ti =ti,Ji G dyi,i < k) 

(2.15) 

= V£{(.N = k,Ti = ti,Ji G dyi,i < k\AN)- 

In words, the contact set r H [0, A^] under the law Pe,Ar is distributed like a 
Markov renewal process, of law Vs and modulating chain { Jfcjfc, conditioned 
to visit N and N + 1. 

2.3. The infinite-volume measure. The purpose of this paragraph is to 
extend Ve, introduced in Section 2.2, to a law for the whole field 

Consider first the regime e > Ec, in which case < oo for every A: G N, 
■Pg-a.s. We introduce the excursions {cfcjfceN of the field over the contact set 
by 

(2.16) efc = {efc(z)}o<i<rfc-Tfc_i := {fTk.i+i}o<i<Tk^Tk_i- 

The variables take values in the space Um=2 ■ It is clear that the whole 
field {(pi}i^z+ is in one-to-one correspondence with the process {{rk, Jk, ek)}kez+ ■ 
Ve has already been defined as a law for {{tu-, Jk)}k&'L+ [see (2.11)] and we 
now extend it to a law for {9Ji}jgz+ ™- the following way: conditionally on 
{(Tfc, ^fc)}fcgz+ 5 declare that the excursions {efcl^g^ under Ve are inde- 
pendent, with marginal laws given by 

efc under Ve{-\{{Ti,Ji)}i<zi+) 

(2.17) ^(Zo,...,Z;) under p(-"'0)(-|Zi_i = 6, = 0), 

where l = Tk- Tk-i,a = Jk~i,b = Jk- 

In words, efc under Ve is distributed like a bridge of the integrated random 
walk {Zn}n of length I = Tk — Tk-i, with boundary conditions Z-i = Jk-i, 
Zq = 0, Zi^i = Jk and Zi = 0. Recall in fact that, by (2.7), we have p(-"'0) = 
F{-\Z-i = a, Zq = 0), and this is the reason for the minus sign. 
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Next we consider the regime e < Ec, in which the process {Tk}k is Ve-a.s. 
terminating, that is, there is some random index k* such that < oo 
for k <k* , while Tfc*_|_i = oo. Conditionahy on {{t^, Jk)}kez+j ^^e law of the 
variables {ek}i<k<k* under Ve is still given by (2.17), and to reconstruct 
the full field {'/?i}jgz+) it remains to define the law of the last excursion 
ek*+i ■= {v^Tfc, +«}o<i<ooi which we do in the following way: 

efc.+i under re{-\{{Ti, Ji)}i^z+) = {Zi}o<^<oo under p(-Jk*,o)^.y 

This completes the definition of Ve as a law for {v?i}jgz+- 

Now notice that, conditionally on {In, (Tk, Jk)k<ii^}, the excursions {ek}k<i 
under the pinning model Pe,Ar are independent and their marginal laws are 
given exactly by (2.17). To see this, it suffices to condition equation (2.5) 
on {Jk}k<lM^ obtaining 

IPe,Af(-|-^7V,(Tfc, Jfc)fc<^jv) 

= P(0'0)((Z1, . . . , Zn^i) G -l^r, = 0, Zr.^i = Jk, < ^n)- 

Then, using the fact that the process {Zn}n&z+ memory m = 2 [see 
(2.6)], this equation yields easily that the excursions {ek}k<tN are indeed 
conditionally independent and distributed according to (2.17). 

These observations have the following important consequence: the basic 
relation (2.15) can be now extended to hold for the whole field, that is, 

(2.18) P£,Ar(dv9i,...,d99Ar_i) =Ve{dtpi, . . . ,dipN~l\AN)- 

(Of course, the extension of Ve has been given exactly with this purpose.) 
Thus, the polymer measure '^e,N is nothing but the conditioning of an ex- 
plicit law Ve with respect to the event An- We stress that Ve does not 
have any dependence on A'^: in this sense, the law Pe,Ar depends on only 
through the conditioning on the event An- This fact plays a fundamental 
role in the rest of the paper. 

Remark 2.1. Although the law Ve has been introduced in a somewhat 
artificial way, it actually has a natural interpretation: it is the infinite volume 
limit of the pinning model, that is, as A'" — > oo, the law P^^at converges weakly 
on to Ve ■ This fact provides another path characterization of the phase 
transition, because the process {v^nlnsN under Ve is positive recurrent, null 
recurrent or transient respectively when e > £c, e = £c or e < £c- We also 
note that the field {ipi}i>o under the law Ve is not a Markov process, but 
it rather is a time-homogeneous process with finite memory m = 2, like 
{Zn}n>o under P, compare (2.6). Although we do not prove these results, 
it may be helpful to keep them in mind. 
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3. Proof of Theorem 1.4: first part. In this section we prove a first half of 
Theorem 1.4, more precisely, (1.14) and the upper bound on maxo<fc<Ar \^k\ 
in (1.15). Note that these results yield as an immediate corollary the proof 
of Theorem 1.2 for e > ffc (the case e < Ec is deferred to Section 4). 

The basic tools we use are the description of the pinning law P^^tv given 
in Section 2, that we further develop in Section 3.1 to extract a genuine 
renewal structure, and a bound based on the Brascamp-Lieb inequality, 
that we recall in Section 3.2. 

3.1. From Markov renewals to true renewals. It is useful to observe that, 
in the framework of Markov renewal theory described in Section 2.2, one 
can isolate a genuine renewal process. To this purpose, we introduce the 
(random) set x of the adjacent contact points, defined by 

(3.1) ;^:={iGZ+:(^,_i=c^,=0}, 

and we set by definition = y^o = 0, so that x 3 0. We identify x with the 
sequence of random variables {Xfc}fcez+ defined by 

(3.2) Xo:=0, Xfc+i :=inf{i > Xfc = V'i = 0}, A; € Z+, 

and we denote by the number of adjacent contact points occurring before 
N: 

(3.3) IN ■= #{X n [1, N]} = sup{fc G Z+ : Xk < N}. 

The first observation is that, for every e > 0, the process {Xk}k&z+ under 
the law Vs is a genuine renewal process, that is, the increments {xk+i ~ 
Xk}k&'&+ S'l'e independent and identically distributed random variables, tak- 
ing values in NU {oo}, as it is proven in Proposition 5.1 in [6]. Denoting by 
qe{n) the law of xi, 

(3.4) q^{n):=Ve{xi=n), 

it turns out that the properties of qe{n) resemble closely those of K^^y{n), 
given in Section 2.2. In fact, qe{-) is defective for e < Ec EneN^sC"-) < 1]; 
while it is proper for e>ec [I^neN 9e(^) = !]• About the asymptotic behavior 
of (?e(-), there exists a > such that for every e G (0, + a] as n — > oo 

(3.5) qein) = % exp(-F(e) • n)(l + o(l)), 

where > 0; cf. Proposition 7.1 in [6] [which is stated for e G [^o^c + ce], 
but its proof goes true without changes also for e G (0,ec)]- We stress that 
F(e) = for e < Ec, while F(e) > for e > Ec- When e> Ec + a, we content 
ourselves with the rougher bound 



(3.6) 



Qein) < C exp{-G{E) ■ n) Vn G N, 
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for a suitable G(e) > 0, which can also be extracted from the proof of Propo- 
sition 7.1 in [6] [we have G(e) > F(e) for large e]. 

To summarize, the renewal process {xk}k under Ve is defective with heavy 
tails in the delocalized regime (e < Sc) and it is proper with heavy tails in 
the critical regime (6 — Sc) while it is proper with exponential tails in the 
localized regime (e > Ec)- 

Coming back to the pinning model ^e,N, by projecting the basic relation 
(2.15) on the set Xi we obtain that the vector {ln, (Xfc)fc<(,]v} has the same 
distribution under Pe^at and under Vs{-\An), where we can express the event 
An in terms of x, since An = + 1 G x}- In words, the adjacent contact 
points {xn}n under the polymer measure F^^n are distributed like a genuine 
renewal process conditioned to hit + 1. 

3.2. The Brascamp-Lieb inequality. Let : M" — > R U {+00} be a func- 
tion that can be written as 

(3.7) H{x) = ^A{x) + R{x), 

where A{x) is a positive definite quadratic form and R{x) is a convex func- 
tion. Consider the probability laws fiH and fiA on R*^ defined by 

N e"^^""^ , X (det^)V2 _ 

fiHidx):= dx, i^Aidx):= \ ' e dx, 

ch (27r)"/^ 

where dx denotes the Lebesgue measure on M" and ch is the normalizing 
constant. Of course, is a Gaussian law with zero mean and with A~^ as 
covariance matrix. 

We denote by Eh and Ea respectively the expectation with respect to fiH 
and ^A- The Brascamp-Lieb inequality reads as follows (cf. [5], Corollary 6): 
for any convex function F : M — > M and for all a G M", such that Ea [r(a • x)] < 
00, we have 

(3.8) EH[r{a -x-Enia- x))] < EA[r{a ■ x)], 

where a ■ x denotes the standard scalar product on M". 

A useful observation is that (3.8) still holds true if we condition fin 
through linear constraints. More precisely, given m<n and hi E M", Cj G M 
for 1 <i <m, we set 

fj.*fj{dx) := fiH{dx\bi ■ x = Ci, Mi <m). 

We assume that the set of solutions of the linear system {6j • x = Cj, Vi < m} 
has nonempty intersection with the support of and that x ^ e~^^^^ is 
continuous on the whole , so that there is no problem in defining the con- 
ditional measure Let us proceed through an approximation argument: 
for e N we set 

Hl{x):=H{x) + k22{h-x-Ci) , fi*fj^{dx) := dx, 

i=l ^Hi^ 
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where c|^^ is the normalizing constant that makes a probability. Since 
we have added convex terms, H^{x) is still of the form (3.7), with the same 
A{x), hence, equation (3.8) holds true with Eh replaced by E^^. However, 
it is easy to realize that /i^^ converges weakly to /i^ as — > oo, hence, (3.8) 
holds true also for E*^, that is, 

(3.9) E*H\T{a ■x-E*fj{a- x))] < EA[T{a ■ x)]. 

3.3. A preliminary bound. Before passing to the proof of Theorem 1.4, 
we derive a useful bound based on the Brascamp-Lieb inequality. We recall 
that, by the uniform strict convexity assumption on the potential, we can 
write V{t) = ^f + r{t), where 7 > [cf. (1.1)] and r(-) : R ^ M U {+cx)} is a 
convex function; see Section 1.1. 

By (2.4), the law of the vector (Zi,...,Z„) under pC^'*') has the form 
finidx) = e-^(^) dx, x G M", where H{x) = ^^(x) + R{x) with 

/ \ 

2 1 



A{xi, . . . , x„) = 7 • l{xif + {x2- 2xif + ^ (xj+i + Xi_i - 2xi 

\ i=2 

(3.10) 

1 

R{xi, ...,Xn)= r(xi) +r(x2 - 2xi) + ^ r(xi+i + Xi_i - 2xi). 



i=2 



Since r(-) is convex on M, R{-) is convex on M" and, therefore, we are in the 
Brascamp-Lieb framework described in Section 3.2. Fix arbitrarily m <n 
and ti, . . . , S {1, . . . , n} and consider /ij^(dx) = /i/^ (dx|xj^ = 0, . . . , Xf^ = 
0). Applying (3.9) with r(x) = e"^^'*^ , for A G M and A; G {1, . . . , n}, and noting 
that E^{xk) = by symmetry, we obtain 

Em»)(e^=^'|Z., =0,...,Z,„=0) 

= E|,(e-.)<ir.(e-.)=expf.^' t(k+l)(2*+i; 



V27 6 

where the last equality is the result of a straightforward Gaussian compu- 
tation, because in this context ha is just the law of the integral of a ran- 
dom walk with Gaussian steps ~ AA(0, 7"^) [cf. (2.2) and (2.4)]. Applying 
Markov's inequality and optimizing over A yields for s G M"*" 

(3.11) P(°'°)(|Zfc| > s\Zt, = 0, . . . , = 0) < 2exp(^--^^ 

The crucial aspect is that this bound is uniform over the choices of the 
points ti (that do not appear in the r.h.s.). In a sense, this is no surprise, 
because conditioning on Zt^ = should decrease the probability of the event 
{\Zk\>t}. 
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3.4. Proof of Theorem 1.4-' upper bounds. Recalling the basic relation 
(2.5), for 77T, < - 1 and ti, . . . ,tm £ {1, ■ ■ ■ , N - 1} we have 

IPe,Af(bfe| > s\iN = m,Ti=ti, VI < f < m) 

(3.12) 

= P(°'°H|Zfe| >s\Z,=0, Vi e{ti,t2,...,tm}U{N,N + 1}). 

We now observe that the process {Zn}n under pC^'*^) is a process with finite 
memory m = 2 [see (2.6)], hence, its excursions between adjacent zeros are 
independent. For this reason, we identify the adjacent zeros that are close 
to k, in the following way: we first set, for convenience, 

t_i:=-l, to:=0, tm.+i-=N, t,n+2 ■= N + 1 

and we define 

1 := max{i > : tj < A; and ti — ti-i = 1}, 

r := min{i >0:ti>k and ti — = 1}. 

In words, ti (resp. tj.) is the closest adjacent zero at the left (resp. at the 
right) of k. Note that 0<l<r<m + l. Then the above mentioned finite 
memory property yields 

p(°'0)(|Zfc| >s|Z,- = 0, yje{ti,...,tm}u{N,N + i}) 
(3.13) =p(0'°)(|Zfc|>s|Z, = 0, VjG{ti_i,ti,...,tr}) 

= p(°'°)(|Zfc„tJ >s\Zj = 0, Vj G {ti+i - h, ti+a -h,...,tr-h}), 

where the second inequality follows by time homogeneity. Putting together 
(3.12), (3.13) and (3.11), we get 

^e,N{\fk\ > s\£n = m,Ti = ti, \/l<i<m) < 2exp^--^^--^^^^^ . 

(3.14) 

We denote by 6^ the maximal gap in the adjacent contact set x until N, 
that is, 

(3.15) 6N-=vaax{xk-Xk-i-0<k<LN}, 

where the variable ln was introduced in (3.3). Then the bound (3.14) yields 
finally 

(3.16) Pe,7v(|^fc| >s|rn(0,iV))<2exp(^-^^^s2y 

This is the key estimate to prove the upper bounds in (1.14) and (1.15). In 
fact, the inclusion bound yields 

(3.17) P,,jvf max > s \ r n {0,N)] < 2N exp( -—^sA . 

\k=l,...,N J \ 6[dNr / 
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It is now clear the importance of studying the asymptotic behavior of the 
variable 6^. 

We start considering the critical regime (e = £c)- As we prove in Ap- 
pendix A.l, there exists a positive constant ci and a sequence (a„)„ such 
that, for all > 3 and t £ [1, oo), 

(3.18) Pe^atUat > t^-^ ) < — + aAr with OAT^O as iV^oo. 



logiV 

Combining this relation with (3.17), we get 



ec,N[ , max |93fc| > s 

\k=l,...,N 

<IP£c,Aff ™ax \ipk\> s,6n <t-^^^ + ^ + aN 
\k=i,...,N' logN J t 



ec,N 



(- ^(^^^^) ^{SN<tN/log N} 



Cl 

+ y + aAr 



and, setting s = KN'^/'^ /\ogN and t = {^^/'^K'^/'^ , we finally obtain 

/ , , iV3/2\ 2 ci(12/7)V3 
^e.,N[ max \^k\>K- < — + \'' +aN. 

' \k=l,...,N logN J N K2/3 

Since oat — > as ^ oo [see (3.18)], the upper bound in equation (1.15) is 
proven. 

Then we consider the localized regime (e > £c)- As we prove in Ap- 
pendix A. 3, there exists a positive constant C2 such that 

(3.19) P£,Af(5Ar >C2logA^) — >0 asA/^oo. 

Then, in analogy with the preceding lines, we combine this relation with 
(3.17), getting 



^£,n( max I^Jfcl > s < Pe,JV max \(fk\ > s,6n < C2logN ] + o{l) 



< 2NE 



e,N 



(- ^(5^ l{5iv <C2 log TV} 



<2Arexp(- ^,/,,,^^ )+o(l). 



6(5^ 
6(C2)3 (logA^) 

Setting s = K{logN)'^, for K sufficiently large we obtain 

P,,,7vf max ly.fcl >K(logA^)2) <2Ar"^^'/('5(^2)^)+i + o(l) ^0 



+ 0(1) 



as A^ ^ oo. 
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hence, also (1.14) is proven. 

4. Proof of Theorems 1.3 and 1.2. In this section we focus on the delo- 
cahzed regime e < ec, proving Theorem 1.3 and the corresponding part of 
Theorem 1.2. We recall that the proof of Theorem 1.2 for e > Ec follows im- 
mediately from the upper bound on maxo<fe<Ar \(pk\ given by relations (1.14) 
and (1.15), that have already been proven in Section 3. 

4.1. The free case e = d . We start proving Theorem 1.2 in the case e = 0, 
when there is no interaction between the field and the defect line. The main 
ingredient is the random walk interpretation outlined in Section 2.1. We 
recall from Section 1.3 that {-Bt}jg[o,i] denotes a standard Brownian motion 

on M and It = j^Bgds denotes its integral, while {Bt,It) denotes {Bt,It) 
conditionally on (i?i,/i) = (0,0); see (1.11). 

We first state a local limit theorem for the process {Z„}„gN; proven in 
Proposition 2.3 of [6]. We note that the vector {Yn,Zn) = {Zn — Zn-i,Zn) 
has an absolutely continuous law under P for n > 2, and we introduce 
its density 

,^ ._ P^''''\{Yr.,Zn)G{dy,dz)) 
dy <lz 

Notice that ip^''^\y,z) = ipn'^\y — a, z — b — no) by (2.3), hence, we can 

focus on (fn'^^ ■ The local limit theorem reads as follows: 

(4.1) sup \a^n'^'^y\a^y,aix"^z)-g{y,z)\^Q (n^oo), 

where g{y, z) := — exp(— 2y^ — 6z^ + Qyz) is the law of the Gaussian vector 
{Buh). 

We are ready to prove a somewhat general invariance principle, from 
which Theorem 1.2 for e = follows as a corollary, because Po,7v coin- 
cides with the law of the integrated random walk (Zi, . . . , Ztv-i) under 
P(°'°n-|>^iv+i ^ = 0, 

Ztv+i = 0); compare Section 2.1. For notational convenience, we simply de- 
note by .^(Tvt) ^i^d Y{Nt) linear interpolation of the processes. 

Proposition 4.1. Uniformly for a, c in compact sets o/M, we have, as 
N ^oo, 



tG[0,l] 



(4.2) 

under p(-'^'O) {MYn^Zn) = (-c, 0)) ^ {(St, /t)}tg[o,i] , 



where — > denotes convergence in distribution on C([0,1]) x C([0, 1]). 
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Proof. We start noting that the process {{ o-jv^/^ )}fg[o,i] under 
the unconditioned law p(~"''')(-) converges in distribution as ^ cxd toward 
{{Bf, It)}t£[Q^i], uniformly for a in compact sets of M. This is an easy con- 
sequence of Donsker's Invariance Principle and the Continuous Mapping 
Theorem, because {l^}nez+ under p(-"'0) is a zero-mean, finite-variance 
real random walk starting at —a and, moreover, 

Z{Nt) (X\Ns]+_a) 

(we recall that {S^t)t > /o Csds is a continuous functional on D{[0, 1])). 

Next it is convenient to restrict the parameter t to [0,1 — r/], where 
77 > is fixed. Since {{Yn, Zn)}n^x+ is a Markov process, the law of the 
process {(^, under P^-'^){-\{Yr,,Z^) = (-c,0)) is abso- 

lutely continuous w.r.t. the law of the same process under p(~"''^)(-), with 
Radon-Nikodym derivative f^^ given by 

{av^yi_,„<77V3/2zi_^)._ . 

Jn [{yt,zt)telo,i-v]) - Jn [yi-v^^'^-v) (_ao) , ^ • 

The local limit theorem (4.1) yields the uniform convergence on compact 
sets of the function f^^ as — > 00 toward an explicit limit function /^^\ 
uniformly for a, c in compact sets, and one checks directly that f^^^ is indeed 
the Radon-Nikodym derivative of the law of {{Bt,It)}t£[o,i-r]] w.r.t. the law 
{{Bt, It)}te[o,i-ri] ■ This shows that equation (4.2) holds when t is restricted 
to [0, 1 — r]]. Since this is true for every > 0, the proof is completed with a 
standard tightness argument. □ 

4.2. Proof of Theorem 1.3. In this paragraph we focus on the regime 
< e < Ec- We start proving a slightly stronger version of equation (1.13). 
We denote by In (resp. r^) the index of the last point in the contact set 
before N/2 (resp. after N/2), that is, 

(4.3) /at :=max{i > 0:ri < iV/2}, r^v := min{i > : > iV/2} = /a? + 1. 

Equation (1.13) says that both r;^ and N — Tr^ are 0(1). It turns out that 
also \Jij^\ and \Jrj^\ are 0(1). More precisely, we are going to prove that 

(4.4) lim limmi¥,,N{Ti^<L,Trj,>N -L,\JiJ<L,\Jrj,\<L) = l. 

L— »+co A"— >+cxD 

As a matter of fact, it is not difficult to further strengthen this relation, 
by showing that also uiaxo<j<r;^ and maxT-^^<j<jv \ are 0(1), but we 
omit the details for conciseness. 
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The proof of (4.4) is based on relation (2.18) [or, more directly, on (2.15)]. 
Recalling the definition (2.11) of the transition kernel K| dyi''^)' introduce 
the associated renewal kernel U^. ^^^(n) by 

oo 

(4.5) [Jldyin) ■■= J2(^")tdyi^) ='Pe{n£ r, G dy| Jq = x), 

where (K^)*'"' denotes the /c-fold convolution of the kernel K*" with itself: by 
definition, (K^)*%(n) := 6x{dy)l{n=o} and, given the kernels A^^dyin), Bx,dyi 
we set 

n „ 

In particular, V^^An) = f^o,{o}(-^ + !)• With this notation, by (2.18), we can 
write 

^sMn^ <L,Tr^>N- L, \JiJ< L, \JrJ< L) 

(4.6) ^ 



n 



X E / U§.d.(a)-K^,d,(A^ + l-«-^)-U^,{o}W- 



By (2.12) and (4.1), it follows that, for bounded x,y and as n — > oo, 

(4.7) Kl^dyin) - %, where L^.,,, := -^dy. 

To determine the asymptotic behavior of f^o,{o}(-^ + 1) as — > oo, we apply 
the Markov Renewal Theorem given by equation (7.9) in [6], Section 7.2 (it 
is easily checked that all the assumptions are verified). We set 

oo 

(4.8) Bl^y := K^dyin), (1 - 3%^ ^= E(^')^d,, 

n6N fc=0 

where {B^)°^ denotes the /c-fold composition of the kernel with itself: 
by definition, (S^)°°iy := ^x{<^y) and {AoB)^^dy ■= X^gR ^x,d^^^,dy Then by 
equation (7.9) in [6], we can write, as n — > oo, 

{{l-BT'oLoil-BT\M 



and, therefore. 



lim Pe,7v(r«^ <L,Tr^>N- L,\JiJ <L,\JrJ< L) 

_ Ix,ye[-L,L]i^a=0 ^0,dxi'^))^l,dyiY.b=0 '-'^,{o}(^)) 

" ((l-i?-)-ioL-o(l-i3^)-i)o,|o} ■ 
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Since by definition X^nGN dyi^) ~ dy letting L ^ oo, the r.h.s. of tlie 
last relation converges to 1 and equation (4.4) is proven. 

4.3. Proof of Theorem 1.2. The proof of Theorem 1.2 for < e < Ec 
follows by putting together the results proven so far. For conciseness, we 
just sketch the main arguments and leave the details to the reader. 

It is convenient to split the field {'^i\o<i<N in three parts: the beginning 
{'fi]o<i<Tij^, the bulk Wi}Tij^<i<Tr^ and the end {'fi}Tr^<i<N , where we 
recall that the indexes In^tn have been introduced in (4.3). By (4.6), both 
Tij^ and — r^jv are 0(1) as — > oo. Furthermore, as we already mention, 
one can show that also maxo<i<r;^ |<^i| and maxT-^^<j<Ar I^JjI are 0(1) as 
N ^ oo. Therefore, both the beginning and the end of the field are irrelevant 
for the scaling limit [remember the definition (1.10) of the rescaled field 
(^Ar(t)] and it suffices to focus on the bulk. 

We recall that the polymer measure 'Fe,N coincides with the law Vg condi- 
tioned on An', compare (2.18). In particular, by the construction of Vg given 
in Sections 2.2 and 2.3, it follows that if we fix ti^^ = m, ^Pm-i = "^rjv = ^ — 
n, (.pN-n-i = c (of course, = ipN-n = 0), the bulk {(pi}m<i<N-n under 
Pe^AT is distributed like the process {Zj}o<j<Ar_n-m under P^~°''^\-\(Y]sf-n-m, 
Zjy^n-m) = (" c, 0)). Since all the parameters m,n,a,c are 0(1) by (4.4), we 
can apply Proposition 4.1 and Theorem 1.2 is proven. 

5. Proof of Theorem 1.4: second part. In this section we complete the 
proof of Theorem 1.4, by showing that also the lower bound on maxo<fc<Ar \ ipk\ 
in (1.15) holds true. 

The first basic ingredient, that we prove in Appendix A. 2, is a lower bound 
counterpart of equation (3.18): 

(5.1) lim limmfF,^^N(sN>t-^) = 1. 

f-»0+ N~^oo \ log A/ 

The second ingredient is given by the following lemma, proven in Section 5.1, 
that will be used also in the proof of Theorem 1.6. Recall the definition (1.10) 
of the rescaled field {^Af (i)}te[o,i] ■ 

Lemma 5.1. Under the conditional law 'P£^{-\xi = -A^ + 1); the process 
{'fNit)}t&[o,i] converges in distribution on C([0, 1]) as N ^ oo toward the 
process {Tt}te[o,i]- 

The idea to complete the proof of Theorem 1.4 is now quite simple. We 
first notice that, given a gap {xk, Xfc+i) iii the set x of width m = Xk+i — Xk-, 
the law of the field inside this gap is nothing but VeS'\xi = '"T')- particular, 
by Lemma 5.1, the scaling behavior of the field in this gap is of order rr?!'^ . 
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Fig. 2. A typical trajectory of the field {ipn}o<n<N under the critical law Pe^.jv. The 
variables Xfi-i o,^^ Xf3 o.^^ the extremities of the first large gap in the set x of adjacent 
contact points; compare (5.4)- For simplicity, the distinction between simple and adjacent 
contact points (i.e., between the sets t and x) is ^^ot evidenced in the picture. 



By (5.1), the width of the largest gap in the set x before is of order ~ 
N/ log N , hence, inside this gap the field scales like {N/ log A^)'^/^, from which 
the lower bound in (1-15) follows. Let us now make these considerations 
precise (it may be helpful to look at Figure 2). 

For m S N and s G we introduce the event Am,s '■= {niaxo<fc<m \(pk\ > 
sm^/^}, and we note that, by Lemma 5.1, we have 

(5.2) lim liminf Pe^(^m,s|xi = m) = l. 

By (5.1), for every 77 > we can fix t > and A'^o G N such that, for all 
N>No, 

(5.3) ^e.,N(sN>ty^)>l-V- 



logN, 

We denote by (3 the index of the first long gap in the set x (cf- Figure 2): 

(5.4) /3:=inf{.>l:x.-X.-i>t^}. 

The law of the field inside the gap admits the following explicit description, 
that follows from relation (2.18): for all a,6 G N with < a < b < N and 

6-a> tiV/logiV, 

^ec,N{Wi}a<i<b G ■\XfS-l=a,Xf3 = b) 

(5.5) 

= 'Pec{Wi}o<i<b~a G -IXl = b-a). 

Observing that {^at > tN/\ogN} = {xf3 < N} and applying the inclusion 
bound, we get 

/ , , 1 N'^^ 
^sc,n[ „max > 



0<fc<7v'^'" - (logiV)3/2 
^ ^-'^ f ofkfN^^'^ ^ K (b^iV)^' ^ "^j 



> 
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max ifk > -T7J, 77^372 ' < N 

Vx/3-i<fc<X/3 K [log Nyy^ J 

0<a^b<N ^'^^'^^^ i^(logiV)3/2 

b-a>tN/ log N 

Combining this relation with (5.5) and recalling the definition of A^^s yields 

1 Af3/2 \ 

KO<k<N 



^ X! ^ec(A-a,l/-ft:Af3/2/(logAf)3/2-l/(fe-a)3/2|Xl -^-a) 

0<a<b<N 
b-a>tN/logN 

Now observe that in the range of summation ^jj^^j^ • (_i,_lyi/2 < 
and that the event Am,s is decreasing in s. Since i > is fixed, it follows 
from (5.2) that for K and sufficiently large, when b — a> tN / \og N , we 
have 

'^ec ( A-a,l/_ft:7V3/2/(log Ar)3/2.i/(fe_a)3/2 | Xl = 6 - a) 
> 'PeMb-a,l/{Kt3/2)\Xl = b-a)>l-7]. 

Therefore, for the same K and we get 

1 iV3/2 



^-^lo^.f;vl^^^l^A-(logiV)3/2 

>{l-ri) ^e.,Nixp-i = a,xp = b) 

0<a<b<N 
b-a>tN/ log N 

= {l-r,)FeMxi3<N)>{l-r,f, 

where the last inequality is just (5.3). Since r/ > was arbitrary, the proof 
of the lower bound in (1.15) is completed. 

5.1. Proof of Lemma 5.1. Arguing as in Section 4.3, it suffices to show 
that under the law Ve^{-\xi = N + 1) the contact set is concentrated near 
the boundary points, and the invariance principle will follow from Proposi- 
tion 4.1. Recalling the definition (4.3) of the indexes 1^ and r^r, we prove 
that 

lim hm inf Ve, {n^, <L,Trj^>N - L, 

(5.6) 

|J,^| <L,|J,^| <L|xi = A^ + l) = l. 
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Some notation first. We set K^^jy(n) := ^l^dyi'^)'^{yf^o} = ^^x,dj/("')l{n>2} 
[cf. (2.12)], that gives the law of the jumps occurring before xii ^-iid we 
introduce the corresponding renewal kernel 

oo 

U^,ds; W := E i^'TxAyi^) = 'Pein G T, Xi > n, G dy| Jo = x). 

k=0 

Then, recalling that qs,.{N + 1) := '^^^(xi = ^ + 1)) we can write, in analogy 
with (4.6), 

VsSTi^<L,Tr^>N-L,\JiJ<L,\JrJ<L\xi=N+l) 

xU^:d.W-K-|o}(l)- 
Applying relations (4.7) and (3.5), we obtain 

lim VeArij,<L,Tr^>N-L,\JiJ<L,\JrJ<L\xi = N) 

Af— >oo 

(5-7) 

L,y^l-L,L],.mi^a ^Axi^^W.^iELo ^Umimi^) 

However, the precise value of C^^ is shown in [6], Section 7.3, to be 



C,^ = ((1 - B''-)-^ o L^- o (1 - B^-)-^ o K== 



'0,{0}' 



where, of course, S^^j; — EneN K^,dy(^)- Since EnGN U^^dyH = (1--S^)x,d?y' 
by letting L — > oo, the r.h.s. of (5.7) converges to 1 and equation (5.6) is 
proven. 

6. Proof of Theorem 1.6. In this section we prove Theorem 1.6. We start 
discussing the topological and measurable structure of the space A1([0,1]) 
(for more details we refer to [12]). 

6.1. Finite signed measures. We denote by A^([0, 1]) the space of finite 
signed Borel measures on the interval [0, 1], that is of those set functions u 
that can be written as v = vi — V2, where v\ and V2 are finite nonnegative 
Borel measures on [0, 1] (since all the measures we deal with are Borel and 
finite, these adjectives will be dropped henceforth). According to the Hahn- 
Jordan decomposition [7], every v G A^([0,1]) can be written in a unique 
way as i/ = i/"*" — z>~, where v'^ and v~ are nonnegative measures supported 
by disjoint Borel sets. Given u G A^([0, 1]), the nonnegative measure \v\ := 

+ v~ is called the total variation of u. For K G M"*" we set 

MkHO, 1]) := {i^ G A^([0, 1]) : \u\{[0, 1]) < K}. 
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Notice that Mk{[0, 1]) C Mk+i{[0, 1]) and that 

(6.1) M{[0,1])= U A^A'([0,1]). 

We recaU that C([0,1]) denotes the space of continuous real functions 
defined on [0,1]. We equip the space A^([0,1]) with the topology of vague 
convergence, that, is the smallest topology on A^([0, 1]) under which the map 
1/ 1— > J f du is continuous for every / G C([0, 1]), and with the corresponding 
Borel cj-field. We recall that Un ^ u in A1([0, 1]) if and only if / /di/„ — > 
J f du for all / € C([0, 1]) (see [9, 10] for a more explicit characterization). 

The space A1([0, 1]) is Hausdorff and separable [a dense countable subset 
is given by the measures J27=i (^i^bi (■)> for n G N and ai^h-i G Q]. The delicate 
point is that A^([0, 1]) is not metrizable. However, we have the following 
result, proven in [12], Theorems 9.8.7 and 9.8.10. 

Lemma 6.1. For every K , the space 7Wx([0,l]) with the vague 
topology is compact and metrizable (and separable, hence Polish). Viceversa, 
if Ad M{[Q,l]) is compact, then Ad MkH^-.^) for some K 

By a random signed measure on [0, 1], we mean a random element v, de- 
fined on some probability space {Q,T,P), and taking values in A^([0,1]). 
For instance, {/^tvIa^sn defined in (1.18) (under the law Pe^,Af) is a sequence 
of random signed measures. For notational clarity, random signed measures 
will always be denoted by boldface symbols. The law of a random signed 
measure v is the probability measure uoP~^ on A^([0, 1]). Given the random 
signed measures {i^ArjArgM and v, we say that {fArjATgN converges in distri- 
bution on A^([0, 1]) toward f if the law of converges weakly to the law 
of u, that is, for every bounded and continuous functional F : A1([0, 1]) — > R 
we have E[F{un)] E[F{v)]. 

We are going to give sufficient conditions for convergence in distribution 
of random signed measures that will be applied in the next paragraphs. 
The path we follow is close to the standard one of proving tightness and 
checking the "convergence of the finite-dimensional distributions," but some 
additional care is required, due to the nonmetrizability of A^([0, 1]). We 
recall that a sequence {t'ArlTvgN of random signed measures on [0, 1] is said 
to be tight if for every 5>0 there exist a compact set C G A^([0, 1]) such 
that P{vj\[ £ C) >1 — 6 for large N. Equivalently, {t'TvjTveN is tight if and 
only if for every 5 > there exist K, Nq G N such that 

(6.2) P{Wn\{[0,1]) <K)>l-6 yN>No. 

Although A^([0, 1]) is not Polish, the first half of Prohorov's Theorem still 
holds: 
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Lemma 6.2. // the sequence of random signed measuves \^i^n^n^h i^ 
tight, then there is a subsequence {^'7v^,}fcgM which converges in distribution 
on 7W([0,1]). 

The proof of this lemma is given in Appendix B.2. Next, for t G [0, 1] we 
define the measurable map : A1([0, 1]) — > M by 

For A; G N and 0<ai<---<afc<l,a random signed measure v determines 
the law on M'^ defined by 

[Fa, . . . , Fa, {v)) o = (i.([0, ai]), i/([0, as]), . . . , i^([0, a^])) o p-\ 

where P is the underlying probability measure. These laws are called the 
finite dimensional distributions of the random signed measure v. Notice 
that if ui and U2 have the same finite dimensional distributions then they 
have the same law on A^([0, 1]), because the cr-field generated by the maps 
{Ft}tg[o,i] coincides with the Borel cr-field of A^([0, 1]). In other terms, the 
finite dimensional distributions determine laws on A1([0, 1]). 

We are ready to put together tightness and convergence of the finite- 
dimensional distributions to yield convergence in distribution on A^([0, 1]). 
The next proposition, proven in Appendix B.l, is sufficient for our purposes. 

Proposition 6.3. Let {i-'ArjArgN be a tight sequence of random signed 
measures on [0,1]. Assume that the finite- dimensional distributions of vm 
converge, that is, Vfc G N and for all < ai < ■ ■ ■ < Ok < 1 there is a proba- 
bility measure Ai^^...,afe (•) on M'^ such that 

(6.3) 

Assume, moreover, that for every x G [0, 1] and r] > 
(6.4) lim limsupP(|i/7v|([x — 6,x -\- 6]) > rj) = 0. 

Then {i'N}NeN converges in distribution on Ai{[0,l]) toward a random 
signed measure whose finite- dimensional distributions are X'^i,...,ak- 

The reason for requiring the extra condition (6.4) is that the map Ft is 
not continuous on A1([0, 1]) and, therefore, the convergence in distribution 
on A1([0,l]) does not imply automatically the convergence of the finite- 
dimensional distributions. 



LAPLACIAN PINNING MODELS IN DIMENSION (1 + 1) 



29 



6.2. Preparation. Remember the definition (1.18) of the random signed 
measure /j^y under ^ec,N that we look at as a random element of the space 
A1([0, 1]). Our goal is to show that under fec,N converges in distribution 
as — > cx) toward the random measure dL, defined in Section 1.4, using 
Proposition 6.3. 

We start restating for fx^ the convergence of the finite-dimensional distri- 
butions and the extra-condition (6.4), which are interesting by themselves. 

Theorem 6.4. For every A; G N and for all ai, . . . ,afc G (0, 1) with Oj < 
aj+i, i = 1, . . . ,k, we have as N ^ oo 

(A^Ar((0,ai]),MAr((oi,a2]), - ■• ,AiAr((afc-i,afc])) 

(6.5) ^ 

under ^ec,N — *■ {Laj , — Laj , . • . , La,, — Laf._-^), 

where — ^ denotes convergence in distribution on M'^. Moreover, Vx G [0,1], 
Vr/>0, 

(6.6) limlimsupP£^ Ar(|/i^|([2; - 6,x + S]) > r]) = 0. 

Notice that the vectors in (6.5) differ from those in (6.3) just by a linear 
transformation, because it is simpler to work with /x^((aj_i, Oj]) than with 

/ijv((0,ai]) =/x;v([0,ai])- 

The proof of Theorem 6.4 is given in Section 6.3, while the tightness 
of the sequence {/^tvIa^ under P^^^at is proven in Section 6.4. Thanks to 
Proposition 6.3, this completes the proof of Theorem 1.6. The rest of this 
paragraph is devoted to a basic lemma. 

Lemma 6.5. Fix any 5 £ (0, 1). Given any sequence of events {i?7v}7VeN 
such that B]\r G c({(/?j}o<j<5Ar), that is, depends on the field of length 
SN , the following relation holds: 

Fe^,N{BN)=VsSBN)+0il) (iV^CX)). 

Proof. Thanks to relation (2.18), it suffices to prove that 

(6.7) VejBN\N + lex)=Ve^{BN)+o{l) (A^^oo). 

Introducing the variable := minjxn [(^A^, oo)} — maxj^H [0, (^A^]}, we claim 
that 

In fact, these relations are proven in Appendix A with explicit bounds [cf. 
(A.7)-(A.9) and (A. 12)] in the special case 6 = ^, but the proof carries 
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over to the general case with no change. We introduce the variable ds := 
min{x n [5A^, oo)} — [5iVj , and we note that < (,s- Thanks to (6.8), we 
can rephrase (6.7) as 



N 



logiV 



VeABN,ds<——N+l€X =VeABN,ds<—— +o{l) 



N 



(6.9) 

We recall from Section 3.1 that the process {xn}n under Ve^ is a re- 
newal process with step law qsAn) =T'ec{xi =n). Denoting by u^A''^) := 
Sfc>o Qeci^') corresponding renewal mass function, we can write the l.h.s. 
of (6.9) as 



VsABN,ds< 



N 



logiV 

[N/logN] 



N + lex 



A:=0 



Since qedi^) ~ C^^jr? as n — > oo [see (3.5)], by Theorem 8.7.5 of [3], we 
have UeXn) ~ l/(C£,logn). Therefore, ne,(iV + 1 - [5iVj - A;)/tie,(iV + 1) = 
1 + o(l) as ^ oo, uniformly for k in the range of summation, and (6.9) is 
proven. □ 

Corollary 6.6. To •prove equations (6.5) and (6.6), one can replace 
the law Fe^^N by Ve^. 

6.3. Proof of Theorem 6.4. We introduce the sequences {Ak}k£n and 
{AfcjfcgN that give the area respectively under the processes {(pi}i and 
between two consecutive adjacent contact points: 

Xk _ Xk 

(6.10) Ak:= "Pi^ ^k--= I'Pil- 

i=Xfe-i+l 2=Xfe-i+l 

We also introduce the corresponding partial sum processes: 

(6.11) Sn:=Ai + --- + An, 5„:=Ii + ••• + !„. 

Note that the variables {j4fc}fcgN are i.i.d. under V^c and, hence, {Sn}n>o 
is a real random walk, and analogous statements hold for {Afcl^gi^ and 
{Sn}n>o- In fact, the epochs {xk}k>o cut the field into independent seg- 
ments, because {xk}k>o under is a genuine renewal process [cf. Sec- 
tion 3.1] and, furthermore, the excursions {ek}keN are independent condi- 
tionally on {{Tk, Jk)}k&z+'i compare Section 2.3. 
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The crucial fact is that the random walk {Sn}n under Vs^ is in the do- 
main of attraction of the symmetric stable Levy process of index 2/5 and, 
analogously, {Sn}n is in the domain of attraction of the stable subordinator 
of index 2/5. In fact, we have the following: 

Proposition 6.7. There exist positive constants C, C such that 



(6.12) VeMl>^) 



C 



r2/5 ' 



c 



{x — > +00). 



Proof. By Lemma 5.1 and the Continuous Mapping Theorem, as n 
00, we have that 



11" d ^ 

(6.13) / <fri{t)dt = ^y'y'j under V^^{-\xi = n) — > It 

Jo <^n^' ~l Jo 



dt, 



where — > denotes convergence in distribution on M and the process {It}t&[o,i] 
was introduced in (1.11). Note that J^^ If dt is a Gaussian random variable, 
whose variance equals (see Appendix B.3), hence. 



(6.14) ^{z):=Pi^J Itdt>z 
For z G R and n € N, we set 

(6.15) ^n{z):=Ve^ 



6V10 



TT 



A, 



an 



5/2 



> z 



and note that equation (6.13) yields ^n{z) — > ^{z) as n — > 00, for every 
zeR. 

Recalling the notation qe^{n) =V£^{xi =n), we can write 

VeMl > ^) = E QeAn)reMl > ^\Xl = n) 
nGN 



an 



5/2 



Let us rewrite the r.h.s. above by putting in evidence the factor s :- 



a 



2/5 



a 



2/5 



X 



2/5 



E 



(6.16) 



„4/5 /^2/5 



a 



X $ 



2,2/5/(^2/5^1 5/2 
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Since ^n{z) — > ^{z) and qeX''^) ~ ^ed"^ as n ^ oo [cf. (3.5)], for every s > 
we have 

^4/5 ^^2/5 \ C,^ 

\x — > +00 . 



^4/5 ^2/5 7 s2 

Moreover, we claim that the following bound holds true (see below): 

r2 ■ 



71 

(6.17) T^e^ (Ai >x|xi = n) < (consi.) 



Then a Riemann-sum argument shows that the term in brackets in (6.16) 
does converge toward the corresponding integral, that is, as x ^ oo. 



a 



2/5 . ^ 



E 



2/5 



^4/5 /^2/5 



(74/5^^2/5 



-S 



(6.18) — ^/^r%Kw^'^^ 



/vr Jo 



having used (6.14). This proves the first relation in (6.12), with an explicit 
formula for C. 

The variable A\ is treated in a similar way. In fact, in analogy with (6.13), 
Lemma 5.1 and the Continuous Mapping Theorem yield, as n — > 00, 

(6.19) under VeMxx = n) ^ C \it\^t, 
an°i'^ Jo 

and, moreover, the following bound holds (see below): 

~ 

(6.20) VeMi >x\xi=n)< (const.) ^. 

Then, arguing exactly as above, a Riemann-sum approximation shows that 
the second relation in (6.12) holds true, with 

(6.21) C .= < 

where, of course, ^>(t) := P{Sq \Is \ ds > t). 

To complete the proof, it remains to prove (6.20), which implies (6.17), 
because Ai < ^1. To this purpose, we exploit the Brascamp-Lieb inequality. 
We recall from Section 3.3 that the law of the vector (Zi, . . . , Z„,) under pC^'*^) 
has the form ^u/^ (dx) = e~^^^^ dx, x G M", where H{x) = ^A{x) + R{x) and 
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A{-),R{-) are defined in (3.10). Fixing m < n and ti, . . . ,tm G {1, ■ • ■ 
the law /i^(dx) := //if(da;|xt^ = 0, . . . = 0) satisfies the Brascamp-Lieb 
inequality (3.9): choosing T{x) = with 1 < /c < n, we obtain 

E(°'°)(Z||Z,, = 0, . . . , Z,^ = 0) = mxl) < Ea{xI) = + + 

where we observe that E^{xk) = by symmetry and the last equality is just 
a straightforward Gaussian computation, because is nothing but the law 
of the integral of a random walk with Gaussian steps ~ AA(0,7~^) [cf. (2.2) 
and (2.4)]. Setting p1°'°^(-) := p(0'0)(.|Ztj = 0, . . . , Z^^ = 0) for conciseness 
and using the Chebyshev and Cauchy-Schwarz inequalities, we obtain 



\k=l 







(6.22) 



<iEEr^(|^.M^z|)<:i(E(Er^(^.^)) 



(0,0). 72x^1/2 



kJ=l 



\k=l 



<-^(Y'k^^A < (const. 



n 



Now observe that P^,,„_i(-) = p£,(-|n G x) [cf. (2.18)], hence, P^,,„_i(-|xi = 
n) = Ve^i'lxi = "■)• We set 

An--2 := {A C {l,n - 2} -.1 ^ A,n - 2 ^ A,{l,l + 1} gl A, yi < I < n - 3}, 

and we use the notation := t n [1, n — 2] . Noting that An^2 represents 

all the possible values of the variable r[i^„_2] under Ved'lxi = n), we can 
write 



\k=l 



XI =n 



,n-l E I'/^fcl > ^ 



XI =n 



X P£„n-i(-rri „_2i = ^Ixi = '^)- 



However, combining (2.5) with (6.22), we have 



■ ec,n—l 



'"[l,n-2] 



A 



:P(°'°)|^^ |Zfc| >a; Zi = 0, Vie AU{n- l,n}j < {const. 
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and the proof of (6.20) is completed. □ 

We now denote by {it}te[o,i] the stable subordinator of index |, normal- 
ized so that its Levy measure equals |Ca;~^/^~^l|^.>o} dx, so that P{Li > 
x) ~ Cx^^/^ as X — > cxD. By Proposition 6.7, we have {Ai > x) ~ P{Li > x) 
as X — > oo, hence, by the standard theory of stability ([8], Chapter XVII. 5), 
Ai is in the domain of attraction of Li and we have 

1 ~ 1 " ~ d ~ 

(6.23) -TjT^Sn = —rj7^ V Ai under Ve^ — > Li (n ^ oo). 

l=\ 

Next let {-Z^t}te[o,i] be the symmetric stable Levy process of index |, with 
Levy measure given by cj;,|x|~^/^~^dx, where cx, :=C/Ce^ [we recall that 
is the constant appearing in (3.5)]. In particular, we have P(L\ > x) = 
P{L\ < — x) ~ clx~'^^^ as X — > oo. Then Proposition 6.7 yields Ve^{Ai > 
x) ~ P((CeJ^/2Li > x) as X ^ OO, and since Ve^iAi > x) = VeS^i < -x) 
by symmetry, it follows by the theory of stability that 

(6.24) -^Sn = ^J2^i ™der ^ (QJ^/^ (n^oo). 
Notice that by (6.18) the constant cl :=C/Ce^ equals 

(6.25) c. = ^.V5 r.^/V3-^d. = ^^^rfl 
^ ^ Jo ^7^(360)7/10 VlO 



where r(x) := *dt is the usual Gamma function and the second 

equality follows by a simple change of variables. We also recall that Lj = 
t5/2Li and Lt = t^l^Li. 

We are ready to prove (6.6), with the law Pe^,Ar replaced by Ve^, thanks to 
Corollary 6.6. It is convenient to extend the definition of ln to a noninteger 
argument, by setting i[t\ := sup{/c G Z+ :Xfc < for t G M; compare (3.3). 
By the definitions (1-17) and (1-18) of ipN and /xjy, we immediately obtain 
the following upper bound: 

/logA^\^/^ ~ 

(6.26) \ii^\{[x-6,x + 5])<[—-\ (5',[(^+5)jv]+i -5',[(^_5);v])- 

Since {xk}k>o is a genuine renewal process with Ve^ixi = n) ^ Ce^/iT? , The- 
orem 8.8.1 of [3] yields Xk/ {k\ogk) ^ Ce^ as k—>oo, Ve^-a.s., and since 
Xi,[t] < t < Xt[t]+i, it follows that 
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Therefore, for every k > we can choose N sufficiently large such that 

1 {x + 26)N\ 



VeA\t[ix + 6)N] + l> 



a 



< K. 



Then by (6.26) for any rj > and for large A^, we can write 
'logiV\5/2 



fflogNy'^ ~ ~ \ 

{{"W' ) ('^L(^'+2<5W(C^clogA^)J - Sl(x-25)N/{C,,logN)}) > V j ■ 



However, for a, & G N with a <bwe have Si, — Sa = Sb-a- Then letting N ^ oo 
and recalling (6.23), we have 

4(5 \5/2. 

limsupVsMfJ'Nliix - S,x + 5]) > rj) < K + Pi ' 



a 



Li>ri]. 



Letting 5 — > 0, the last term vanishes and since k was arbitrary, equation 
(6.6) is proven. 

Next we prove (6.5), again with the law Pe^^Tv replaced by Pe^, thanks to 
Corollary 6.6. We claim that (6.5) is equivalent to the following relation: 



(6.28) 



log TV \^/^ 

) (•S'[aiAr/(ClogAr)J> ('S'[a2Af/(ClogAf)J " 5'[aiAf/(C log Af)J ), 
• • • , {Sla^^N/iC, \ogN)\ - S\ak-iN/{C,, \ogN)\ )) 



N 



under Vf 



To prove the claim, it suffices to show that the difference between the vectors 
in the first lines of (6.5) and (6.28) converges in -probability to zero as 
N ^ CO. It is sufficient to focus on each component: so we need to prove 
that 



(6.29) 



hm Ve, 

N^oo 



0, 



M7v((a,&]) 
loeiV\^/2 



N J 



{S\bN/{C,. 



log AT) J 



> rj 



for every r/ > and for all a, 6 G [0,1) with a <b. Fix 5 > and observe that, 
by (6.27), 

aN 



lim Vs^ L[aN] G 
TV— >oo 



i[bN] G 



C,, log TV J 

bN 
CsJogN 



(1-5,1 + 6), 
.{1-6,1 + 6)) =1. 



< 
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Therefore, we can restrict ourselves on this event, where, using the definitions 
(1.17) and (1.18) of ip^ and /x^, we can write 

/logiV\^/^ 

MAr((«!^]) - ( jy j {S\bN/{C,^\ogN)\ - S\^aN/(CerJogN)\) 
logiV\^/2 ~ 

-Jf- j {{S[a{l+5)N/{C \ogN)\ - SYa{l~5)N/(C,, \ogN)\ ) 

+ {S\b{l+5)N /{Cec\ogN)\ - Slb(l-S)N/{Cs^logN)\)}- 

However, {Sb — Sa) + {Sd — Sc) = S^^i,_a)+(d-c) for a < 6 < c < d, and as ^ 
oo by (6.23), we have 

//logiV\5/2 X ^{a + by2S \ 

''[\ir ) ^li^+by2SN/iC,,logN)\>V] C'e " j ' 

The last term vanishes as (5 ^ 0, hence, (6.29) is proven. 

It finally remains to prove equation (6.28). Both the vector in the l.h.s. 
and the one in the r.h.s. of that equation have independent components, 
therefore, it suffices to prove the convergence of each component, that is, 
that for every a € (0, 1) as iV ^ oo, 

logiV\5/2 _ /logJVX5/2L-A^/('^l°gA^)J 



under Ve^ La- 



However, recalling that La = a^^^Li, this relation follows immediately 
from (6.24), so that the proof of Theorem 6.4 is completed. 

6.4. Tightness of ■ We finally prove the tightness of the sequence 

{/^TvlTVeN, that is, for every 5 > there exist i^, iVo G N such that 

(6.30) P,,,jv(|/^^|([0,l])<K)>l-<5 ViV>Afo. 

Since A^Ar({|}) = 0, we can write /^Ar([0, 1]) = /X7v([0, \]) + /XAr([^, 1]). How- 
ever, by symmetry, /i^([0, \]) = iijq{[^, 1]) under ^ea,N-, hence, it suffices to 
show that 

P.c,iv(|/x^|([0, \]) < K/2) >l-S/2 yN> No. 

Now notice that the event {|AtAr|([0, ^]) < y} belongs to the cj-field 
'^{Wi}o<i<N/2)i hence, we can apply Lemma 6.5 and we are left with show- 
ing that for every 5 > there exist K, Nq £ N such that 

(6.31) VeMfJ'NmA])<K/2)> 1-6/4 yN>No. 
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We recall that := sup{A; G Z"*" -.Xk ^ t}, for t € M. From the definitions 
(1.17), (1.18) and (6.11) of c^at, /i^y and 5„ respectively, the inclusion bound 
yields 



0, 



1 



>K/2] <Ve^ 



log AT \ 5/2 



N 



+1 



> 



K 



<Vj,[N/2] + l> 



N 



Ce. logiV 

logAfy/2 



S 



K 



\l/C,,N/\ogN\ > y 



Letting — > oo, the first term in the second line of this equation vanishes 
because of (6.27), while for the second term, by (6.23), we have 

'logAf\5/2 



N 



Si 



> 



P\Li> 



K(C,j5/2 



'Li/c,,iv/iogivj ' 2 
Since P{Li > t) — > as t — > +00, equation (6.31) is proven. 

APPENDIX A: SOME RENEWAL THEORY ESTIMATES 

A.l. Proof of equation (3.18). We are going to prove equation (3.18), 
that can be rewritten in terms of the law Ve, thanks to (2.18), as 

A^ + lGX ^ 1" o^N with Cat ^ as A^ ^ 00, 



(A.l) VeA5N>t 



\ogN 



t 



where we recall that 6n has been defined in (3.15). We first need to re- 
call some preliminary relations. We are in the critical case, hence, QeA^) — 
'Pedxi = n) ~ C^^jr? by (3.5), because F(ec) = 0. Since {xfc}fc>o is a genuine 
renewal process. Theorem 8.8.1 of [3] yields 

Xk 



as /c — > 00,'Pe^-a.s. 



fclog k 

By the definition (3.3) of the variable /-at, we have x^at Ik Xtiv+ii hence, 

IN 1 



(A.2) 



as A^ ^ oo,Pe,-a.s. 



Nj log A^ 

Introducing the renewal function ^^^(n) := Ve^n G x) = Z]fclo(9ec)*'^(^)) 
Theorem 8.7.4 of [3] gives 



(A.3) 

which implies 
(A.4) 



Ce, logn 

n 



as n ^ 00, 



n 



k=0 



as n — > 00. 
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We are ready to prove (A.l). We denote by ^ the length of the excursion 
of X embracing the point N/2: 

(A. 5) i := min{x n [N/2, oo)] - max{x n [0, iV/2]}. 

Then the inclusion bound and the symmetry n ^ N — n yield 

N 



logiV 



(A.6) ^^^M>^N + ^^X 



N N 
logiV'^^ togiV 

Let us focus on the first term in the r.h.s. of (A.6). We can write 



^-(^^1^1^ + ^^^ 

(A.7) 

^ u{i)q{j-i)u{N+l-j) 

0<i<N/2<j<N+l '^^^ 
j-i>N/logN 

where we have omitted for simplicity the dependence of q{-) and u{-) on 
Ec- If we consider the terms in the sum with i < N/4, then j — i > N/4: 
and, therefore, q{j — i)< {const .)/ N'^ , hence, recalling (A. 3) and (A. 4), the 
contribution of these terms is bounded above by 

(const.) U{[N/2\)^ ^ {const.') 
^ ' ' N^ u{N + l) - logiV 

By symmetry, the same bound holds for the contribution of the terms with 
j > 3N/4. It remains to consider the terms where both i > N/4 and j < 
3N/4: applying (A. 3) to u{N), u{i) and u{N + 1 — j), the contribution of 
these terms is bounded above by 

(const.) 1 (const.) ^^/^^ i 

(log N) ^ _ j)2 - (WAT) ^ ^^''p 

' N/A<i<N/2<j<'iN/i^-' ' l=\N/logN] 

j~i>N/ log N 

(A.9) 

< 

logiV 

We have thus shown that the first term in the r.h.s. of (A.6) vanishes as 
N — > oo, hence, it can be absorbed in the term ajv, appearing in the r.h.s. 
of (A.l). 
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Next we consider the second term in the r.h.s. of (A. 6). We sum over the 
location m of XiYM/2\ ' ^^^^ the last point of x before \_N/2\ , and over the 
location I of Xt^jv/2j+i' that is, the first point of x after \_N/2\. Recalling 
(3.15), for t > 1 the renewal property yields 

(A-10) = Vej6^>tj^,mex 

m<lN/2\,l>lN/2\ ^ 
l~m<N/ log N 



X g(Z — m) 



logiV 
u{N + l-l) 



u{N + l) ■ 

In the range of summation, by (A. 3), the ratio u{N + 1 — l)/u{N + 1) is 
bounded above by some positive constant A, hence, the r.h.s. is bounded 
above by 

A E 'PeS5rn>t-^,me^q{l-m) 

AT ln\ AT ln\ ^ logiv / 



m<[N/2\,l>[N/2\ 
l-m<N/ log N 

<Ar,Adi^,ni >t-. 



N 



ec \ "lN/2\ 

ally reducec 

as ^ oo 



log A, 

We are finally reduced to estimating the last term. By (A. 2), we can write 



f. N \ N 2 N/2 \ 

and, by (3.15), the first term in the r.h.s. is bounded above by 

^ f ( N ] N 

7^4max|x.-X.-i-<^r^|>t^^ 

This probability is easily estimated. In fact, the variables {xi — Xi-i}ieN 
under are independent and identically distributed, hence, for x > and 
M e N we have 

VeM^xixi - Xt~i-i< M} < x)=VeAxi < >(l--j , 

where i? is a suitable positive constant. Since (1-i) >e^2* for t€ [0, i], it 
follows that for A^ sufficiently large we have 

/ r A 1 A^ \ f 2B\ 2B 

Vs. (^maxjx. -X.-V.^< ] > t^) < ^ " -P ^ j < ^ 

and the proof of (A.l) is completed. 
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A. 2. Proof of equation (5.1). In this section we prove (5.1), wliich we 
can rewrite as 

N 



(A.ll) 



lim lim inf V^^ { 



logN 



We start observing that the inclusion bound yields 



Ve, {6N>t 



N 



logiV 



\N/2\ 



> t- 



N 



IorN 



N 



logiV 



N + iex 



where we recall that the variable has been defined in (A. 5). We decompose 
the r.h.s. according to (A. 10) and we observe that the fraction u{N -\- l — l)/ 
u{N + 1) converges to 1 as — > oo uniformly in the range of summation, 
by (A. 3). Therefore, we can write 



Ve, [5N>t 



N 



logN 

> (1 + 0(1)) 



N 



logN 

E 

m<lN/2\,l>lN/2\ 
l-m<N/\ogN 



AT + lGx 



(l + 0(l))Pe.( V/2J 



N 



\ogN 
N 



,m£x](leSl-m) 



^ (A^oo). 



log A log A, 

Recalling that qediT') ~ Ce^/ri^ and Uf;^{n) ~ l/{Ce^ logn) as n — > oo, by (3.5) 
and (A. 3), we obtain 

A 



(A.12) VeAi> 



log A 



E 



m<lN/2\,l>lN/2\ 
l-m>N/logN 



^const.) 
log A 



Putting together the preceding relations, we have 



N 



log A 



A + 1 G X > ^< 



^lN/2\ > t: 



A 



+ o(l) (N^oo) 



log A, 

and we are left with estimating the r.h.s. of this relation. The inclusion 
bound, the definition (3.15) of 6n and equation (A. 2) yield 

A 



>Ve 



\N/2\ 



> t- 



N 



> 



log A 
Xi - Xi-i ■ i < 



[N/2\ 



> 



1 A/2 



Ve^ ^max| 



2Ce^ log A 
1 A 



ACe^ log A 

1 A 
4C,, log AT 



A 1 A/2 

> t- t[Ar/2j > 



> t- 



logAT 

A 
logA^ 



2Ce^ log A 
^-o(l) (A^oo). 
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The variables {xi — Xj-i}ieN under are independent and identically dis- 
tributed, hence, for x > and M G N we have 



for some positive constant D. Therefore, 

> ^i^) > 1 - + - -) 

and the proof of relation (A.ll) is complete. 

A. 3. Proof of equation (3.19). We are going to prove equation (3.19), 
which can be rewritten using (2.18) as 

(A.13) P^((^jv>C2logiV|iV + lGx) — ^0 asTV^oo. 

Since we assume that e > Sc, we are in the localized regime and the step law 
qe{n) =Ve{xi = n) has exponential tails; see (3.6). The renewal theorem 
then yields 

(A.14) p^(iVGx)^Tr^G(0,cx)) as iV ^ oo 



Ve[iN> ^ N] — >0 asiV^oo. 



and the weak law of large numbers gives 

2 

These relations yield 

Ve{6N>C2\ogN\N + lex) 

< {const. )Vs{5n > C2 logAf) 

= iconst.)Vs ( > C2 log A^, < —— — + oil) as N ^ oo. 

\ £e{Xl)J 

The definition (3.15) of 5n and the inclusion bound give 

2N 



Vsi Sn> C2 log A^, LN < 



SeiXl), 

<P£^max|xj-Xi-i:«< >C2logA^^ 
Since the variables {xi — Xi-i}ieN under "P^ are independent and identically 
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distributed, for x > and M G N we have 

P,(max{x^ - Xi-i : ^ < M} < x) = Ve{xi < x)'' > (1 - i?e-G(-)-)^ 

for a suitable positive constant B. Since (1 - 1) > e-2* for t G [0, i], it follows 
that for N sufficiently large we have 

/ 2N \ / 2N 

Vs[6n> C2logN,iN < ^ , . < 1 - exp -25- 



If we choose C2 > 1/G(e), the r.h.s. vanishes as — > oo and equation (A. 13) 
is proven. 

APPENDIX B: SOME TECHNICAL PROOFS 

B.l. Proof of Proposition 6.3. Take any subsequence {vNS\n&i that 
converges in distribution toward some random signed measure v. We are 
going to show that the finite dimensional distributions of v are necessarily 
given by the laws )ih},...,a^, that appear in (6.3). Since the finite-dimensional 
distributions determine laws on A^([0, 1]), this means that every convergent 
subsequence of {i^ArjArgN must have the same limit. Then Lemma 6.2 and 
a standard sub-subsequence argument yield the convergence of the whole 
sequence {i^atIatsNj aiid the proof is complete. 

Therefore, we assume that {i^Ar^jnGN converges in distribution toward v. 
We introduce the function : [0, 1] ^ R defined by 

ri, rEG[0,t], 
A"\x):= \ -f + l + xE[t,t + e], 

U, xE[t + e,l], 

which may be viewed as a continuous approximation of 1 p,*] • Then we define 

the map f/^^ 7W ([0, 1]) ^ M by P'f^ {v) :=Jfi'^diJ. Notice that \Fi'\iy) - 
Ft{i^)\ < \iy\{[t,t + £]). Now let M^iM'' be a bounded and Lipschitz func- 
tion such that 

k 

\W{xi, ...,Xk) - W{yi, ...,yk)\<Y^ g{xi - yi) 

(«-^' 

where g{x) := \x\ A 1. 

Therefore, we can write 

\E[W{f(1\umJ, . . . , F^fiu^J)] - E[W{Fa, M,. . .,Fa,iu^J)]\ 

(B.2) 



<J2^i9{WNj{[ai,ai + £] 



i=l 
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Let us take the n— > oo limit. Since W{-) and {■) are continuous, 
E[W{Fil\i.^J,...,Fil\i.^J)]^E[WiF(l\u),...,F!^l>{u))], 

and also E[W{Fa,{i^Nj, • • • , i^a, (i-TvJ)] ^ J W dxi^l..,a, by (6.3). Then we 
take the limit e — > 0: the r.h.s. of (B.2) vanishes by (6.4) and by dominated 
convergence, we have 

E[W{FaAr^),...,Fa,{i^))]= J WdXi\l^,^. 

Since W{-) is an arbitrary function satisfying (B.l), this shows that the 

(k) 

finite dimensional distributions of v are indeed Aaj,...,afc, and the proof is 
complete. 

B.2. Proof of Lemma 6.2. Let us denote by := o the law of 

the random signed measure i^at, so that un is a probability measure on 
A^([0,1]). For every fixed if G N, the restriction of on the subspace 
A^i^([0, 1]) is a sub-probability measure on a Polish space (cf. Lemma 6.1), 
hence, one can apply the standard Prohorov theorem. So we can extract a 
subsequence {z^tv'} that converges weakly toward a sub-probability law A^^-* 
on A^i([0, 1]); then from {v^'} we extract a sub-subsequence {z^at"} that 
converges weakly toward a sub-probability law A^^^ on A^2([0, 1]), and so 
on. With a standard diagonal argument, we obtain a subsequence {vN^^k 
that converges weakly on A^i^([0, 1]) toward A^^-*, for every G N. However, 
recalling (6.1), it is clear that the laws A*-^-* are the restriction on A^/<([0, 1]) 
of a single law A on A1([0,1]) and, moreover, A(A4([0,1])) = 1 because the 
sequence {un}n is tight; compare (6.2). Then it is easy to check that the 
subsequence {fN^^k converges weakly on A^([0, 1]) toward A: in fact, given 
a continuous and bounded functional G: A^([0, 1]) — > M, we can write 

j GduN,- JcdX 

< J G^Mk ([0,1]) ^'^Nk - J GlMK{[o,i])dX 

+ ||G|U • MMk{[0, + X{Mk{[0, 

The first term in the r.h.s. vanishes as k ^ oo, because, by construction, 
converges weakly to A = A^^^ on A4k{[0, 1]), and the second term van- 
ishes as -ff — > oo because of the tightness of {i^atIat; compare (6.2). This 
completes the proof. 

B.3. Computing ^(t). We recall that {Bt}t(^[(j^i] is a standard Brownian 
motion on R and It := /q Bg ds. We also set Gt := /g -^s ds. The function $(t) 
was introduced in (6.14): recalling the definition (1.11) of the conditioned 



44 



F. CARAVENNA AND J.-D. DEUSCHEL 



process It, we can re-express it as 

= P(Gi >t|Si = 0,/i = 0). 

Since the vector (Gi,/i,-Bi) has a centered Gaussian distribution, the law 
of Gi under P{-\Bi = 0, Ii = 0) is centered Gaussian too and, hence, it suf- 
fices to identify its variance to determine ^{t). The covariance matrix A of 
{Gi,Ii,Bi) is easily computed: 

/ E{Gl) E{Gih) E{GiBi)\ ( I l\ 
A:=i E{G,h) E{ll) E{hB,) = 1 \ \ \. 
\E{G,B,) E{hBr) E{Bj) J ^ i l/ 

The variance of Gi conditionally on {/i = 0,Bi = 0} is then given by 1/ 
= Therefore, 

$(i)= / , , ds = / e"^^""* ds. 

^ Jt V27r/720 Jt 
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